The magnetic fields of the nascent neutron stars could be submerged in the crust by rapid fallback accretion and could diffuse to the surface later in life. According to this field burial scenario young pulsars may have growing magnetic fields, a process known to result with less-than-three braking indices; larger braking indices implying longer field-growth timescales. A nascent neutron star with a larger kick velocity would accrete less amount of matter leading to a shallower burial of its field and a more rapid field growth. Such an inverse relation between the field growth time-scale inferred from the braking indices and space velocity of pulsars was claimed in the past as a prediction of the field-burial scenario. With a braking index of n ∼ 2 and large space velocity PSR B0540-69 was then an outlier in the claimed relation. The object recently made a transition to a rapid spin-down state accompanied by a low braking index. This new braking index implies a much shorter time-scale for the field growth which is consistent with the high space velocity of the object, in better agreement with the claimed relation. This observation lends support to the field burial scenario and implies that the growth of the magnetic field does not proceed at a constant pace but is slowed or completely halted at times. The slow spin-down state associated with the high braking index before 2011 which lasted for at least about 30 years was then such an episode of slow field growth.
INTRODUCTION
PSR B0540-69 (hereafter B0540) is a P = 50 ms pulsar discovered in X-rays by the Einstein Observatory (Seward et al. 1984) and then in radio from Parkes (Manchester et al. 1993) . It is located in the Large Magellanic Cloud (LMC) rendering it the first extragalactic pulsar discovered. It is associated with the ∼ 1140-year-old supernova remnant SNR 0540-69.3 (Williams et al. 2008; Brantseg et al. 2014) . The mass of the progenitor of B0540 is estimated to be in the 20 − 25M range (Lundqvist et al. 2011) .
B0540 shares similar rotational properties with the Crab pulsar and is sometimes called the 'Crab-twin'. It has the third highest spin-down power,Ė = 4π 2 IṖ/P 3 = 1.5 × 10 38 I 45 erg s −1 , among all known rotationally powered pulsars (RPPs); here I 45 is the moment of inertia of the neutron star in units of 10 45 g cm 2 . B0540 is the most luminous pulsar known in gamma-rays, L γ = 7.6 × 10 36 (d/50 kpc) 2 erg s −1 (Fermi LAT Collaboration et al. 2015) where the distance is scaled to the distance of the LMC known to an accuracy of 2% (Pietrzyński et al. 2013 ). Adding the X-ray luminosity (Campana et al. 2008 ) the integrated luminosity of the object is L X+γ ∼ 9.7 × 10 36 (d/50 kpc) 2 erg s −1 (Fermi LAT Collaboration et al. 2015) which is 4 times larger than that of Crab (Willingale et al. 2001) .
Recently, B0540 showed a 'large, sudden and persistent' increase of 36% in its spin-down rateν (Marshall et al. 2015) , accompanied by a dramatic drop in its braking index, n ≡ νν/ν 2 , from n = 2.129 ± 0.012 (Ferdman et al. 2015) to n = 0.031 ± 0.013 (Marshall et al. 2016) . This transition has occurred within two weeks in December 2011 after a 30 years of stable slowdown and has persisted from December 2011 through at least June 2016, about 4.5 years. This transition, having a timescale with an upper limit of two weeks, is similar to transitions that occur in other pulsars (Lyne et al. 2010 ), but is not accompanied by any change in the X-ray pulse shape or luminosity.
The observations of Marshall et al. (2015) and Marshall et al. (2016) in the pulsar magnetosphere (Li et al. 2012a,b) . Several explanations had been given for the origin of the less-than-three braking indices measured from the pulsars some of which could apply for the n = 0.031 ± 0.013 of B0540 measured in the rapid-spindown state (Marshall et al. 2016) . These include the contribution of propeller torques by supernova debris discs (Michel & Dessler 1981; Menou et al. 2001; Ç alişkan et al. 2013; Özsükan et al. 2014) or the growth, after initial submergence, of dipole fields by initial rapid accretion of fallback matter soon after the supernova explosion that formed the neutron star (Young & Chanmugam 1995; Geppert et al. 1999; Espinoza et al. 2011; Ho 2011; Viganò & Pons 2012; Bernal et al. 2013; Ho 2015; Torres-Forné et al. 2016) . A prediction of the latter view is that the time-scale for the growth of the magnetic field, τ µ ≡ µ/μ, is inversely proportional to the space velocity of the pulsar (Güneydaş & Ekşi 2013 , hereafter GE13) as a neutron star with a large velocity would accrete a less amount of matter-leading to a shallow submergence of its field-from the fallback matter. The time-scale of the growth can be obtained from the measured braking index assuming field growth is the only effect that causes the deviation from the prediction of dipole spin-down with constant magnetic field. There are only 5 pulsars with both measured braking indices and space velocities and it is not possible to find a strong relation. The work of GE13 yet provided a marginal support (Bernal et al. 2013) for the growth of the submerged fields by claiming such an inverse relation from a very sparse data. The braking index of B0540 employed in GE13 was n = 2.087(7) as measured by (Gradari et al. 2011 , see also Ferdman et al. (2015 ) during the slow-spindown state (Marshall et al. 2015) before the December 2011 transition. This inferred a long time-scale for the field growth although the object is the fastest among all the 5 sources and consequently B0540 was then an outlier in the claimed relation. With the recent measurement of the braking index of B0540 as n = 0.031 ± 0.013 (Marshall et al. 2016) this object is no longer an outlier but fits in with the claimed relation as the field growth time-scale implied by the new braking index is much shorter.
The purpose of the present paper is to show that the field growth time-scale inferred from the new braking index measured from B0540 (Marshall et al. 2016 ) is in better agreement with the relation provided by GE13 as compared to the time-scale inferred from the earlier braking index measurements obtained in the slow spin-down regime before 2011. In section 2 the model of magnetic dipole torques in the presence of increasing magnetic moment is introduced. In section 3 the existing data and the result from the model are presented. In section 4 the implications of these results are discussed.
METHOD
Fallback accretion after a supernova explosion onto newborn neutron stars is expected on very general grounds (Colgate 1971; Zel'dovich et al. 1972; Chevalier 1989) . The submergence of the magnetic field of a nascent neutron star by fallback accretion is an idea dating back to 90's (Muslimov & Page 1995; Young & Chanmugam 1995; Muslimov & Page 1996; Geppert et al. 1999) . The interest to the model is recently rekindled (Ho 2011; Viganò & Pons 2012; Bernal et al. 2013; Torres-Forné et al. 2016; Rogers & Safi-Harb 2016) by the identification of central compact objects (CCOs: see de Luca 2008, for a review) which appear to have small dipole magnetic fields (e.g. Gotthelf et al. 2013 ), but likely to have substantial subsurface magnetic fields as implied by the anisotropic temperature distribution on their surface (Shabaltas & Lai 2012; Bogdanov 2014) . Another motivation for the model is the very small braking index of PSR J1734-3333 which can be explained by the growth of the submerged field (Espinoza et al. 2011; Ho 2015) .
The Ohmic time-scale for the diffusion of the magnetic field back to the surface is τ Ohm = 4πσ(∆R) 2 /c 2 where ∆R is the depth at which the magnetic field is buried and σ is the conductivity of the crustal matter. The conductivity depends strongly on the depth setting the regime for the conductivity i.e. whether electron-electron scattering, electron-phonon scattering or impurity scattering dominates. As a result the diffusion time-scale has a strong dependence on the depth. The amount of mass that has accreted determines the depth of the burial (Geppert et al. 1999; Ho 2011; Torres-Forné et al. 2016) . The mass of crustal matter, ∆M, is related to the depth as ∆M ∝ (∆R) 1/4 (see GE13 based on Lorenz et al. (1993) and Urpin & Yakovlev (1979) ). Neutron stars usually have large space velocities exceeding that of their progenitors, possibly due to asymmetry in the supernova explosion. Assuming Bondi-Hoyle accretion occurs onto the star from the fallback matter one would expect the accretion rate to be inversely proportional to the cube of the velocity of the neutron star with respect to the fallback matter,Ṁ ∝ v −3 . A detailed analysis of the geometry of accretion is given in Zhang et al. (2007) and the implications of the presence of turbulence in the medium is studied by (Krumholz et al. 2006 ). Detailed simulations are performed by Toropina et al. (2012) . GE13, assuming Eddington limited accretion and electron-phonon scattering to dominate the electron conduction found τ Ohm ∝ v −1 . It is, however, likely that the energy released by accretion will be emitted by neutrinos so that Eddington limit is not relevant (e.g. Houck & Chevalier 1991) . Given that there are many uncertain elements in the physics of the accretion and the conductivity, and the impossibility of constraining detailed models with the existing small number of data points, we do not attempt to calculate a detailed relation for τ Ohm (v), but only argue that τ Ohm should drop with the space velocity, v; higher the space velocity, lower is the accreted mass, shallower is the burial and lower is the conductivity.
We assume that RPPs spin-down under the magnetic dipole torque. This torque has a spin-down component as well as a component leading to the alignment of the magnetic and rotating axis (Michel & Goldwire 1970; Davis & Goldstein 1970) . The pulsar is expected have a corotating plasma formed by charged particles ripped off by the strong electric fields from the surface of the neutron star (Goldreich & Julian 1969) . In the presence of a corotating plasma the spin-down torque is (Spitkovsky 2006) and the alignment torque is (Philippov et al. 2014 ). These are obtained by fitting the results of detailed numerical simulations.
Here Ω = 2π/P, µ and I are the angular velocity, the magnetic moment and moment of inertia of the star, respectively, and α is the inclination angle between rotation and magnetic axis; c is the speed of light. Note that the alignment component of the magnetic dipole torque was not employed in GE13 as is customary in most work on pulsars. The torque is a vector quantity and the alignment torque is an intrinsic component of it (Philippov et al. 2014 ). The recently measured greater-thanthree braking index of PSR J1640-4631 (Archibald et al. 2016) can be explained by the existence of this torque (Arzamasskiy et al. Espinoza et al. (2017) ; note that in GE13 we have employed n = 1.4 given by Lyne et al. (1996) ; note also that Akbal et al. (2016) gives n = 2.81 ± 0.12 for this object, in preparation as cited in Espinoza et al. (2017) . Although an error is not given we assumed ∆n = 0.3 for this object. Note that in GE13 we have employed n = −1.5 as given by Middleditch et al. (2006) . 2015; Ekşi et al. 2016) or by the decay of the magnetic field (Ho 2011 (Ho , 2015 . We assume that the magnetic dipole moment µ can change in time; in the case of young pulsars it may increase as a result of diffusion to the surface after being submerged in the crust. In this case the braking index is obtained as
where τ c ≡ P/2Ṗ is the characteristic age, τ µ ≡ µ/μ is the field growth time-scale and
If the braking index and the inclination angle are measured for a pulsar one can infer from Equation 3 the time-scale for the growth of the magnetic field as
Here the term 2u 2 ranges between 0 (attained at angles 0 • and 90 • ) and 0.25 attained at 35.25 • . In case n is greater than 3 + 2u 2 one would obtain a negative τ µ which would imply a decaying magnetic field. We have compiled the data for the measured braking indices and velocities determined from the proper motion in Table 1 . We calculated τ µ from Equation 5. There are two different uncertainties on the value of τ µ : due to the measurement error in the braking index and due to the uncertain inclination angle determining 2u 2 . We took into account both uncertainties. Given that inclination angle α of some of the objects are not measured, and that measured ones have very different values, the range of τ µ for a pulsar is calculated as follows: The minimum (maximum) value of τ µ for a pulsar is obtained by choosing α = 35.25 • (α = 0 • ) corresponding to 2u 2 = 0.25 (2u 2 = 0) and the lower (upper) limit of the measured braking index.
RESULTS
We plot the data given in Table 1 in Figure 1 . We see that although the number of data is very small, an inverse relation between the velocity and the field-growth time-scale can be judged lending a marginal support to the field burial scenario. We see that the drop in the braking index of B0540 results with a much shorter time-scale for the field growth as would be expected for such a high speed object. The Spearman coefficient for the correlation in the data set before the transition of this object is ρ = −0.7 while it is ρ = −1 after the transition. By normal standards, the association between the two variables would be considered statistically significant in both cases; τ µ obtained with the braking index measured after transition to the rapid-spindown episode, however, is significantly in better agreement with the expected trend as can be seen from Figure 1 .
We have fitted the data (after the transition to low-braking index state) with
and found A γ = 16.88 kyr and γ = 0.86. We have also fixed γ = 1 as implied by the theoretical calculations of GE13 and fitted the data with τ µ = A 1 (v/100 km s −1 ) −1 to find A 1 = 16.8 ± 1.0 kyr.
DISCUSSION
An evidence is provided for the existence of a relation between the space velocity of pulsars and their magnetic field growth timescales as inferred from the measured braking indices. Such a relation would be expected, as first suggested by GE13, within the field burial scenario (Geppert et al. 1999) . If the determined relation is not by chance (this is still possible given the number of data points) and in lack of any other motivation for why the braking index of a pulsar would be related to the kick velocity it acquires in the supernova explosion, the result supports the field burial scenario from which such a relation is predicted (GE13). Many factors such as the initial conditions of the fallback accretion (i.e. ρ 0 t 3 0 in GE13) and uncertainties in the measurements of the velocities and the braking indices could affect the results.
The change in the braking index of B0540 (Marshall et al. 2016) , according to the arguments in this work, implies that the object's magnetic field has entered into an episode of enhanced growth as is the case with other pulsars employed in this work. This transition occurred after remaining at the slow growth state for at least about 30 years since the object was discovered (Seward et al. 1984) . This implies that the growth of the magnetic field of young pulsars does not proceed at a constant pace but might be slowed down at times. The high braking index state of B0540 before December 2011 was then such an episode of halted field growth. The transition to the rapid growth state may indicate the breaking of the crust (Gourgouliatos & Cumming 2015) yet we note that no accompanying glitch with the transition is reported (Marshall et al. 2016) .
Of the five objects with both measured breaking index and space velocity four of them were in the rapid growth state obeying the relation suggested by GE13 before 2011. That all five objects now appear to be in the rapid growth state implies that the slow field growth states occupy a shorter time in the lifetime of an individual young pulsar.
It would be very interesting to see whether the objects with measured braking indices but without a measurement of space velocity, namely PSRs B1509-58, J1846-0258, J1119-6127 and J1734-3333 and J1640-4631 obey the claimed relation.
It is tempting to think within the field burial scenario that CCOs, which have two orders of magnitude smaller dipole magnetic fields compared to RPPs, have their fields buried so deeply that their fields could not have the time to diffuse back to the surface. Yet the measured space velocities of CCOs (Becker et al. 2012; Halpern & Gotthelf 2015) do not indicate that they have small space velocities as a group. According to the velocity versus field growth time scale relation proposed in this work we can not thus expect them to have especially deep buried fields that grow at a very long time scale. Instead, the measured high velocities imply that they likely have shallow buried magnetic fields growing rapidly. The small dipole fields of CCOs do not lead to a sufficiently high spin-down rate that could allow for the measurement of their braking index. It is, thus, not possible to infer the rate of growth of the magnetic fields of CCOs within the framework of the present study. The lack of pulsars, in the observed sample, that seem to have evolved from CCO's Luo et al. 2015) suggest that the magnetic fields of CCOs grow rapidly. The rapid growth of the fields of CCOs may address the lack of descendants in the vicinity of CCOs in the P −Ṗ diagram. Recent studies of the evolution of multipolar magnetic fields (Igoshev et al. 2016) suggest that for weak field strengths, such as in the case of CCOs, the higher multipoles re-emerge in a shorter time-scale than the dipole field. This could explain the strong surface fields evidenced by high pulsed fraction (Shabaltas & Lai 2012) .
